Abstract. It is shown that if R is a semi-local (Noetherian) domain, then there exists a simple integral extension domain R[e] of R such that there exists a maximal chain of prime ideals of length n in some integral extension domain of R if and only if there exists a maximal chain of prime ideals of length n in R [e]. An interesting existence theorem on a certain type of height one prime ideals in R[X] follows.
1. Introduction. All rings in this paper are assumed to be commutative with identity and the undefined terminology is the same as that in [3] .
In some personal correspondence with Steve McAdam in 1974 the following question arose: if R is a local domain, then does there exist a simple integral extension domain R[e] of R such that there exists a maximal chain of prime ideals of length n in some integral extension domain of R (if and) only if there exists such a chain of prime ideals in R[e\l (See [8, (15.4.2) ].) This question is of some interest, since if the answer is no, then the Upper Conjecture (see (3. 2) below) is false, and so a number of the other catenary chain conjectures are also false (see [8, p. 44] ). However, we show in (3.1) that this question has a strong affirmative answer, and so we thereby lend at least some support to the Upper Conjecture.
The proof of (3.1) depends on two quite recent results which are summarized in §2, and therein we also give the relevant definitions and notation that are needed in §3. §3 contains a proof of the theorem together with a few of its corollaries and related results. Among these, we show that the theorem also holds for arbitrary integral extensions domains of R and that it implies the existence of a certain type of height one prime ideal in A [A] . A final result, (3.6) , shows that certain other questions concerning maximal chains of prime ideals in integral extension domains of R have a solution in simple integral extension domains of R if they have a solution at all.
is said to be a maximal chain of prime ideals in A in case P0 is a minimal prime ideal, Pn is a maximal ideal, and there are no prime ideals in A properly between P¡_ x and P, for / = 1, . . . , n. The length of the chain is n.
(2.2) Definition. For a ring A, c(A) (resp., uc(A)) denotes the set of lengths of maximal chains of prime ideals in A (resp., in arbitrary integral extension domains of A/z with z varying over the minimal prime ideals in A). When P E Spec A we let c(P) and uc(P) denote c(AP) and uc(AP), respectively.
It is known [ This section will be closed with a notational convention and by stating the main result in two recent papers that are needed in the proof of (3.1).
(2.4) Notation. A' denotes the integral closure of a ring A in its total quotient ring. 
4). (The ideal M' is the ideal P' n R'
where P' is any of the maximal ideals in B' that lies over P.) (2.6) 3. Simple integral extension domains and maximal chains of prime ideals. As mentioned in the introduction we give, in (3.1), a strong affirmative answer to a question that arose in 1974 concerning maximal chains of prime ideals in integral extension domains of a local domain, and then we prove a few corollaries of (3.1). (It should be noted that (3.1) is a considerable strengthening of the result in [1] mentioned preceding (2.3). However, it does not supercede that result, since it was used in the proof of (2.5), which we use below.) we have c(P) = c(Q') = c(N') and uc(P) = uc(Q') = uc(N'). Also, by the property of A we have uc(N') = c(N') = uc(M') for some maximal ideal M' in /?'. Therefore uc(P) = c(P) = uc(M') for some maximal ideal M' in R', and so (3.1.1) holds.
To prove (3.1.2) it suffices, by [6, (4.8.2)], to prove that e can be chosen such that for each maximal ideal Q in R[e] we have (R[e]çf)' is quasi-local and uc(Q) = c(Q) = uc(M') for some maximal ideal M' in R'. For this, by the properties of A each of its finite integral extension domains has the same properties, so in particular we can assume that A and A' have the same number of maximal ideals. Also, by hypothesis and (2. I do not know if e can be chosen such that the conclusion of (3.1.2) holds when some R/M¡ is finite. (It is known [9, (2.16)] that if some R/M¡ is finite, then the conclusion of (2.6.1) may not hold.)
At this point we note that (3.1) lends some support to the following conjecture. It is known [6, (4.10. 3)] that (3.2) is equivalent to: if R is a local domain such that either altitude R = 1 or altitude R > 1 and there does not exist a height one maximal ideal in R', then c(R) = uc(R). Thus the Upper Conjecture asserts that a very strong form of the question mentioned in §1 holds. (3.1) gave a strong affirmative answer to this question, but not as strong as (3.2) .
Two comments are given in (3.3) that should be noted in regard to (3.1) . The second of these shows that every semi-local domain has a finite integral License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use extension domain S such that the ring S[e] (as given for S by (3.1)) is contained in S'. It would be of some importance if it could be shown that every semi-local domain has this property of S. The existence of a certain type of height one prime ideal in R[X] is shown in (3.5) . The ring A<A> in (3.5) is defined to be the quotient ring of R[X] with respect to S = R[X] -(J {A; A is a maximal ideal in R [X] such that N n R is maximal}. In [2] , among other properties of A<A>, it is noted that its maximal ideals are the ideals AA<A> with A a maximal ideal in R [X] such that N n R is maximal, when R is semi-local. This will be used in (3.5). Let Äbea local domain such that there are no height one maximal ideals in R'. If it can be shown that there exists an ideal K as in (3.5) that is contained in only one maximal ideal in R{X}, then it follows from (2.3.5) (and the property of K) that the equivalence of the Upper Conjecture noted following (3.2) holds (since
and since c(R(X}) = [n + I; n E uc(R)} as noted in the proof of (3.5)). Our final result generalizes (3.1) in two ways: to the case when R contains zero divisors, and to more general types of integral extension rings of R than the ring A in the proof of (3.1). 
